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MNOOYEPEIHOE ITPECJIEJOBAHUE C TPEMS
YYACTHUKAMM (CJTYYAH MOTOYEYHOM BCTPEYH)

B. JI. llupsies, E. B. AnomenkoBa, P. P. Bukmyp3una
@I'BOY BIIO «MTI'Y um. H. I1. Ozapésay (2. Capanck, Poccus)

Bompocsl  moouepeHOro IpecieJOBaHUs TPYNIBl  YKIOHSIOMNXCS HIPOKOB paccMa-
TpUBAIUCH B psfe pabor. Tak, B uccnenoBanusx [1-3] pemenne 3agadun ObUIO HaiiIeHO
B IIPEATIONOKEHHN O TOM, UTO OYEPETHOCTH BCTPEU BEIOMPACTCs B HAUAJIBHEII MOMEHT Bpe-
MeHHU (IIPOrPaMMHO), a UTPOKH JABHMXKYTCS MO MPSAMBIM JIHHUAM. B pabote [4] npuseneno
pelieHre nocTaBIeHHON 3a7a4M ¢ UCIoIb30BaHueM nonaxona P. Aiizekca, a B [5] paccmo-
TPEeHbI BO3MOKHOCTH BbIOOpA OYEPETHOCTH BCTPed KaK MPOTPaMMHO, TaK M MO3HIIHMOH-
Ho. B nmanHoit cratee paccmarpuBaercst npoctast tuddepeHIpanbHas urpa Ha INI0CKOCTH
npecnenoBarens P u xoanuuuu AByX yoeraoomwmx E = {E|, E,}. JIBmkenus Bcex HUrpo-
KOB TIPEATIONAraroTcsi Oe3bIHEPIIMOHHBIMY; ITpeciieioBaTesb P HpeBOCXO,Z[I/IT 110 CKOPOCTH
KakI0TO 13 yOeramomunx; BCEM HIPOKaM H3BECTHBI IENH, (u3Hueckue BO3MOXKHOCTH,
a TaKke TOYHOE MECTOIOJIOXKEHHE JIPYyT Jpyra B KaXIblii MOMEHT Urpsl. [lmaroil koamm-
u £ (mpecnenosatens P) CIyXHUT (MUHYC) CyMMapHOe BEMSI, 3aTPadeHHOE MPECeoBa-
TeneM P Ha noTodedHyio Berpedy ¢ E, u E, (o BeTpedelt moipa3yMeBaeTCs COBIIA/ICHUE
MECTOMONIOKEHUH TpecaenoBaTens u npecnenyeMoro) Br16op mopsaxa mpecnenoBaHus
B HAYaJIGHBI MOMEHT IIPEAIIONAraeTcsl 3aJaHHbIM (IIPOrpaMMHBEIA BBIOOP OYEpEeIHOCTH
BCTpeu). B pabore HalimeHa rpaHuna 30HBI 0€30MAaCHOCTH BTOPOTO U3 YOEraroluX UIrpo-
xoB. [Ipu pemenun 3a1aqu UCHONB30BAJICS TakXkKe reoMeTpruaeckuit moxxox. [lomydennas
cHcTeEMa ypaBHEHHH pelagach ¢ MOMOIIBIO CHCTEM KOMITBIOTEPHON anreOphl, B 4aCTHO-
ctu «Wolfram Mathematica». Onpenenus rpanuiy 30HbI 6€30IIaCHOCTH BTOPOTo U3 yoe-
TaloOUIMX UTPOKOB, MOKHO AHAJIOTMYHBIM PACCMOTPEHHOMY METOAOM MCCIEN0BATh UIPY
MEXIy IIpeciefoBaresieM P W TpeMsl IpeciiefyeMBbIMH, JIeHCTBYIONIMMHI COITIaCOBAaHHO
(TIpu 3TOM TIEPBBIN U3 MPECTEAYEMBIX UTPOKOB UCKITIOYAETCS U3 UTPHI).

Kniouesnle cnoga: nmpocToe npecieaoBaHie, MPaBUIo NapaaIeabHOrO COMMKEHNUs, OKPYXK-
HOCTh ATIOJUTOHUSI, 30HA 6€30IacHOCTH, orudaronas ceMeicTBa, KOaIHIus, CTPaTer s
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ALTERNATE PURSUIT WITH THREE PARTICIPANTS
(THE CASE OF POINTWISE MEETING)

V. D. Shiryayev, Ye. V. Anoshchenkova, R. R. Bikmurzina
Ogarev Mordovia State University (Saransk, Russia)

The issues connected with alternate pursuit of escapees group are considered in a number
of papers. So in papers [1-3] the solution of the problem has been found in the assump-
tion that the next meeting is selected at the initial time (by the program) and the players
are moving straight. In paper [4] the solution of the task using the approach of R. Isaacs
is given. In paper [5] the choice opportunities of the next meeting ( both software and
positional) are considered. The article deals with a simple differential game on the pursuer
plane P and the coalition of two escapees E={E ,E,}.The movement of all the players are
assumed as inertialess. The pursuer speed P exceeds the speed of each of the escapees.
The targets, physical abilities and the exact location of each other in any moment of the
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game are known to all players. The price of the coalition (the pursuer P) is (minus) the
total time spent by the pursuer P on the pointwise meeting with £, and E, . A coincidence
of pursuer and escapee location is meant under the meeting. The choice at the initial
time of the persecution is supposed as given (software selectable regular meeting). The
limit of the security zone of the second escapee has been found. A geometric approach is
used in the problem solving. The resulting system of equations is solved numerically by
means of computer algebra, in particular through the Wolfram Mathematics. After defin-
ing the boundary of the second escapee security zone one can study the game between
the pursuer P and three escapees acting in concord (the first escapee is eliminated from
the game).

Keywords: simple persecution, generally parallel convergence, circle of Apollonius, se-
curity zone, coalition, strategy
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Pemrennto mpocreiimein  auddepen-
IUAJIbHOM WUIPBl MOOYEPEAHOrO Ipeciie-
JIOBaHUS KOQIWIUHM JIByX YOerarommx
UTPOKOB TOCBAMIEHBI pabdoTel [1; 3-7].
B Hameil crarbe uccneayercss urpa Ha
IUIOCKOCTH ImpeciiefoBarenss P u JByX
yoeraromux — £, u E,. Paccmorpum rpa-
HUIy 30HBI OE30MacHOCTH BTOPOTO M3
MIpeciieyeMbIX UTPOKOB.

OTMeTHM, YTO YOeTaloIIue HIPOKH
JIEHCTBYIOT COTJIAaCOBAaHHO, T. €. COCTaB-
nAoT Koanmmuuio £ = {E, E.!. Bpwr-
phI Urpoka E ompenensieTcs: Kak BpeMs
BCTpeun P C MOCIeAHUM M3 yOerarmmx
WUTPOKOB, BBIUTPHINT P — KaK BEINYHHA
BBEIUTPHINIA £ ¢ oOparHbIM 3HakoM. Ilox
BCTpeUeH Moapa3yMeBaeTCs COBIAJCHHE
MECTOIOJIOKEHUI UTPOKOB P 1 Ei (3mecw
u panee: i = 1,2).

IIpeanonoxum, 4TO B KaxKAbIA MO-
MEHT BpPEMEHH TpecienoBarens P ume-
er uH(pOpMAIMI0O O CBOEM MECTOIIO-
JIOKEHNW, a TakKe MEeCTOIOIOKEHUH
¥ HaIpPaBJICHUU CKOPOCTH Wrpoka FE.
Urpok E, B cBOIO o4epes, umeeT HHpop-
MAalHI0 O CBOEM MECTOMOJOKCHUHU U Me-
CTOTIOJIOXKEHUU UTpoKa P.

Ilycth u — NMHEHasE CKOPOCTb UTPOKA
P, v, — nvHelHAs CKOPOCTb yOeraromero
Ei, u>v. Bynem mnonarare, 4TO UrpoKu
JIBIDKYTCS ¢ MAKCUMAIIBHBIMU CKOPOCTSIMU
¥ JUIsL IPOCTOTBI CYMTATh, YTO U = 1, v, < I,
v, < 1. Pemienue urpbl CTpouTCs B TIPEIIO-
JIOKEHUH, YTO TIPECIIeIoBarellb P B MOMEHT

Physics and Mathematics

BpeMeHH ¢ = ( BBIOMpaeT OJMH M3 Clemy-
IOIIUX CIOCO00B moBeacHus [1; 6; 8]:

1) ucnonp3yeT MpaBuIIO apauIeIbHO-
ro commkenus (//-crparerus), mpecienys
cHavana F, 3arem E ;

2) NCTIOJIB3YeT MPABUIIO TTAPATIIEIBHO-
ro commxenus (//-crparerus), mpecienys
cHavana £, 3arem E .

Cpeny  [aHHBIX  OPEANOJOKECHUN
HalileM HaWiay4dIlInid OTBET yOeraromiei
KoMMU E, KOTOpBIM TMojpa3syMeBaeT
MaKCUMH3AITII0 BPEMEHH TIPECIICIOBAHNS.

[Ipenmonoxum, 4T0 B MOMEHT BpeMe-
HU ¢t = 0 Urpok P IpUHUMAET pelicHUE
npeciesioBark cHayana k , a 3arem E,.

Beengem cucremy koopauHar xOy,
[EHTP KOTOPOI COBIMAJAEeT C HAaYaIbHBIM
MOJIOKEHUEM TIpecienoBarens P, a ock
a0CIIMCC OPUEHTHPOBAHA B HAIPABICHUH
Ha4yaJIbHOIO MOJIOXKEeHHUsT urpoka E,. Ko-
opauHathl Touku P — P’ (0; 0), Touku E, —
E} (b; 0), Toukn E, - E) (c; d) (Bepx-
HUMH UWHACKCaMH OylaeM OTMedarh
TMTOJIOXKEHUS UTPOKOB B COOTBETCTBYIOIIHE
MOMEHTHI BpeMeHH ). [ paHuiie 3051 0e3-
ONIACHOCTH WIpoKa E, ABISETCS OKpYX-
HOCTh ATIOJIJIOHHS ((f' ) ¢ paauycom 7,
U neHTpoM B touke (a; 0) [7-8; 10]:

= 2 1

= b, a= b. 1
1-v 1-v M

O603Ha4MM TOYKY BCTpPEUH HIPOKOB
. pt .
PwE: P" (x;y,). Koopaunarel x, y,
OTIPEIEISIOTCS COOTHOLICHHUSIMU:
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Ky Kpyra ¢ IIEHTPOM B TOYKe £, U cieny-
IOIUM PajilyCcoM:

3a Bpems ¢, (MOMEHT BeTpeuu P u E ) L =vt, =V, /xlz . 3)
UIPpOK £, MOKET MOMacThb B JH00YI0 TOY-

x, =a+rnrcosa; y =rsina. (2)

)

(x5 )
E; (x5 y)
r
B
r" ________________ - - I ﬁ'_ - _
'E(c; a)
|
, | (C;,)
Pix;; vy |
f'f |
’ I
[Pt . | Ll
P E,(b; 0)(a; 0) c X
(c,)
P uc. 1. [loctpoeHue TpaHuIlBl 30HBI 6E30MACHOCTH UIpoKa £,
Fig. 1. Building a border security zone E, player
) 3a(1)I/IKCpreM(é? BKTOLIKe E; (x,
v,) oxpyxnoctu (C,). Koopaunarsr x, T il
U y, ONpeNesoTes o popmynam: 0@, f) =(x—a—r cosa)’ + (y—r;sina)
\/(x—c—r2 cos B)’ +(y—d—r,sin B)°
X, =c+r,cos By, =d+r,sinf; - v, .5
X, =c+r,cosf3, (@)
rme 0<pB<2rm,B = const. Ilycte TOuKa E, «mpoberaem» BCIO

I'panniia 30HBI Ge30MaCHOCTH Urpoka  okpy:HOCTb (C,), T. €. 0<p<2r. Hatinem
Ez JUIS HadaJIbHBIX MECTOMONOXKCHUI P,

E} — OKpY)HOCTb ATOJUIOHUS: U #(a.p), e onGatomyio ceveficrsa (3)
: :

0<p<2r

22 Dusuro-mamemamuyeckue HayKu
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o) o ema] +{y—namay e Bty mdnsing)

Y,

op(a,B) (x—c—r,cos B)r,sinf—(y—d—r,sinf)r, cos B o ©

p vz\/(x—c—rzcosﬁ)z+(y—af—rzsinﬁ)2

Jl1st 3TOro paccMOTPUM CIIEIYIOLIYIO
cucremy [3; 9]:

W3 BTOpOoro ypaBHeHUs cuctemsl (6) Takum o6pazom,
Clenayer: -

Y sinff = y-d

(x—c—r,cos B)r,sin - \/(x—c)2+(y—d)2 ’
—(y—d-rsin)r,cos f =0, X—c
cosff = - =
UK \/(x—c) +(y-d)
(x—c—r,cos B)r,sin ff = IToncraBuB pasenctsa (7) B mepBoe

d . ypaBHeHHe cucTeMbl (6) 1 peoOpa3oBaB
=(y=d—r,sin B)r, cos B. TIOJTy9E€HHOE BBIPAKEHHE MOTYIHM:

(7

2

y—d

X—c—r i +| y—d-r
\/(x—c)2+(y—d)2] Ly Jox—c) +(y—d)’
JGr—c) +(y—d)’

= —\/(a+rlcosa)2+(rlsina)2,
V2

(p(a)=\/(x—a—r] cosa)2 +(y-n sina)2 _

Jx—e) +(r-ay

=0

—\/(a+r1 cosa )’ +(rsina)’

I

(p(a):\/(x—a)z +y*+5 =2(x—a)r cosa —2yr sina —

a—e) +(r-d) lzo. ®

—\/a2 +17 +2ar cosa

Y,

Physics and Mathematics 23
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Takum oOpazom, npu

\/(x—c)2 +(y—a’)2

Yy

> \/az +1 +2ar, cosa

(P(oc):\/(x—a)2 +y2+1=2n [(x—a)cosa +ysina] _\/(x—c) +y=d) +

Va

+\/012 +17 +2ar, cosa =0,

a npu

JGe=c) +(y-d)’

V2

< \/az +17 +2ar cosa

Ja=cf +(y-d)’

Yy

(p(oa):\/(x—a)2 +y2 +r12 -2n [(x—a)cosa +ysina] +

—\/az +1 +2ar, cosa = 0.

[Tycte Temeps Touka P’ «mpobera- T. e. ormbatomryto cemeiictsa (8). [lyrem
€T» BCIO OKpYKHOCTh Anosonus (C,), mpeoOpa3oBaHuii, aHAJTOTMYHBIM PACCMO-

T. e. 0<a<2r. Haiinem U @(a), TPCHHBIM BBILIC, OJYIUM CHCTEMY:

0<a<2m

(p(a):\/(x—a)2 +y* +17 =2 [ (x—a)cosa + ysina | -

ey +(v-ay |

—\/a2 +17 +2ar, cosa

:0’

v2
dp(a)1 (x—a)sina—ycosa ~
do 7 \/(x—a)z+y2+r12—2r1[(x—a)cosa+ysina]
2 2
_ —d
a-sign \/(x ¢) +(y=d) —\/a2+r]2+2ar1cosa}sina
vZ

- =0.
\/az +17 +2ar cosa

IlepenumieM ee B CAEIYIOIEM BHIE:
VR -|M|=0,
. . . R
((x—a)sma —ycosa)—szgn(M)sma\/g =0,

24 DusuKo-Mamemamuyeckue HayKu
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Iae

R=(x—a) +y*+7 ~2r;[(x—a)cosa + ysina |; Q=1+ +2v, cosa ;

R R

V)

CrpemiieHre U30aBUTHCS OT pajHKa-
JIOB IyTeM BO3BENICHUS B KBaJ[paT MPUBO-
JIUT K TPOMO3AKOM CHCTEME ypaBHEHHUMU
YETBEPTOH CTENEHHU, PEIICHUE KOTOPOW
JIOIYCTHMO TOJIBKO YHMCJICHHO C MOCIIEIY-
IOLEN HEMPOCTOU MPOLEAYPOH OTCEUBa-
HUSl COIyTCTBYIOIIMX KOPHEH, MOATOMY
MOJJOOHBIA METO/I B JIaHHOM CiTy4ae Oec-
MIEPCIIEKTHBEH.

3ajgada MOKeT OBITH pelieHa Ha-
NPsSMYI0 C TIOMOIIBIO CPEJACTB KOM-
NBIOTEPHOU anreOpbl (Hampumep, Kak
B JaHHOM cTaTbe, cucTeMoil « Wolfram
Mathematica»). Crparerus koanunuu £
COCTOMT B BEIOOPE TOTO, TIO/T KAKUM YTIIOM
Oyner yberatb Mrpok E,. O4eBHIHO, YTO
MOCJIE ATOTO BHIOOPA OMPEACIISICTCS TOUKA
¥ BpeMsi BCTpe4Yd UrpokoB P u E,. B aTom

cilyyae ONTHMAJIBHOHM cTparerueil urpo-
Ka E, ABIAETCS yNaleHue OT 3TOH TOYKH
C MaKCHMMAaJIbHOM CKOPOCTBIO MO MPSAMOMN
JIHUH.

[Moctpoenue rpanuil 30H Oe30MaCHO-
CTH OBUIO MPOBEIEHO C HCIOIb30BaHUEM
¢dyakimn  «Parametric Plot», Haxoxme-
HUE ONTHMAIBHOTO yIila — C MOMOIIBIO
«Maximize».

Ha puc. 2-10 mpemcraBineHsl Tpa-
HULBI 30H O€30MaCHOCTH WIPOKOB E,
v E,. Ha puc. 2 nokaszaHbl HarpabJIeHUs
JOBIDKCHHH WIPOKOB MJisl  0OecredeHust
MaKCHUMH3aIi BpeMeHH moumku E. Ha
OCTAJIbHBIX PUCYHKAaX HalpaBJICHUS IBU-
JKCHUSI WTPOKOB OTIMYAOTCS OT OITH-
MasibHBIX. [Jisi ipuMepa ObUTH BBIOpaHbBI

v, =0,6; v, =04

0
P u c. 2. Pacnionoskenue urpoka F, BOMM3M OKPYXKHOCTH ANOJIOHHMS (BHE OKPY/KHOCTH)

Fig. 2. The player Ef position near the circle of Apollonius (out of the circle)

Physics and Mathematics
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-

0
P u c. 3. Pacnionoxenue urpoka £, BOMM3M OKPY’KHOCTH ATOJIIOHHS (BHYTPH OKPY’KHOCTH)

F i g. 3. The player EJ position near the circle of Apollonius (inside the circle)

P u c. 4. Pactionoxenue P, E 10 EZO Ha OJHOM NmpsMoit (Ef— BHE OKPYXXHOCTH ATIOJUTOHUS)

Fig 4. P’ E[” Ez”are located on the same line, Ez” is situated out of the circle of Apollonius

26 Duzuro-mamemamuiecKue HayKu
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0 0 0 2 )
P u c. 5. Pacnonoxenue P’, EY, E; Ha OJHOH NPAMOii (EZ— BHYTPHU OKPYXKHOCTH ATIOJIIOHUS)

Fig 5. P’ E) E)are located on the same line, E is situated inside the circle of Apollonius

P m c. 6. HaganpHbBIC MECTOIOIOKCHUS Ef = Ezo

Physics and Mathematics

F i g. 6. Initial location E[{' = Eg

27
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P u c. 7. Pacnonoxenue P’, EY, E Ha onHoit npsivoii (E, — Bomusu P”)

Fig 7. P’ E! E!are located on the same line, E7 is situated near P’

P u c. 8. Pacnonoxenne P’, E', EJ na oxnoit npsamoii (P’ — mexay EY n EY)

Fig 8. P Elo E‘Z’ are located on the same line, P’ is situated betweenEI” and EZ”

28 Duzuro-mamemamuiecKue HayKu
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P u c. 9. Pacnonoxenue P’, E', E) na oxpoit npsivoii (EY — Mex Ty Ef u P’
BHYTPH OKPY/KHOCTH ATOJUIOHFS)

Fig. 9. P’ E Elare located on the same line, Eis situated between E ’and P’
inside the circle of Apollonius

P u c. 10. Pacnonoxenne P, EY, EY na onuoii npsmoit (E) — Mexay £/ u P’
38 OKPY>KHOCTBIO ATIOJUTOHHMS)

Fig 10. P’, E! E{are located on the same line, Eis situated between E/and P’
out of the circle of Apollonius

Physics and Mathematics 29
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Ha puc. 2-3 Touka E) pacroiokxeHa
JIOCTaTOYHO OJIU3KO K IPaHUIIC 30HBI 0€3-
OIACHOCTU UTpOKa E,, MOITOMY 4YacTh
IPAHUIIBI 30HBI 0E30ITACHOCTH UTPOKa Ey
Onm3Ka K OKpy>KHOCTH. [IpuanHOM 3TOTO
SBISIETCS TO, YTO MECTONOJIOKEHHUE E; Ha
rpaHuIle 30HBI 0E30MaCHOCTH MpeCTaB-
JsieT co0oil TOUKy pas3pbiBa, MOCKOJIBKY
npu BbIOOpe Hampabienus E, k E, Ha-
NpaBJIE€HUE JBWKEHHA MIpoka £, OmHO-
3HAYHO BHIOPATh HEBO3MOXKHO.

OnpenenuB rpaHUIly 30HBI Oe3omac-
HOCTH BTOPOTO M3 yOEraromux UTPOKOB,

MOXHO aHAJIOTUYHO PAaCCMOTPEHHOMY
MCCIIeIOBaTh UTPY MEXIY IpeciieioBaTe-
jgeM P u tpems npecnenyembivu E, E,
E. [2], nedCTBYIOIIMMH COTJIACOBAHHO
((f)aKanecm UCKJIIOYMB U3 UTPHI IEPBO-
ro W3 mOpecleayeMbIX HUrpokoB). Kpome
TOTO, MPEIOKEHHBIH METOJ, MOXKET OBITh
MCIIOJIb30BaH MPH PELICHUH MPOCTeHIIeH
nmuddepeHInanbHO UrPhl TIOOYEePEaHO-
IO TPECIIECNOBAHUS KOAIUIMU ABYX yOe-
rafoliuX HWIPOKOB B ciy4dae R-BcTpeun
(R > 0) ¢ nepBbIM HUIPOKOM M TOTOYEY-
HOM BCTpeYH — CO BTOPBIM.
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